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Abstract

In this article, we considered application of complex analysis to series and
generalized Chebyshev polynomials. DeMoivre’s theorem and the general
Binomial expansion were used to establish alternative method for
generating Chebyshev polynomials. The usual triple recursion formula
derived from trigonometric identities was used to generate Chebyshev
polynomials which yields same results with the alternative method. Some
illustrative examples were given to show ability of the method. The
polynomials obtained can be used to demonstrate approximation where
maximum component of error is minimized in numerical analysis.
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Introduction

Chebyshev Polynomials are use in numerical analysis for approximating a function;
a better approximation has minimum error. The generalized Chebyshev polynomials
are named after Pafnuty Chebeyshev and they are set of orthogonal polynomials
which have link with DeMoivres’ theorem in complex analysis they can be derived
recursively (Abramowitz and Stegun, 1983). The Chebyshev polynomials of first
kind denoted T, are sequence of orthogonal polynomials with the greatest possible
principal coefficient subject to the condition that their absolute value on the closed
interval [-1, 1] is bounded by 1. They also form extremal polynomials for many other
properties (Dette, 1964). In theory of approximation, Chebyshev polynomials are
very useful since the zeros of the Chebyshev polynomials of first kind T,, are also
known as Chebyshev nodes because they are used as nodes of polynomial
interpolation (Elliott, 1964). The main purpose of this article is to derive another
method which can be used to obtain the so useful Chebyshev polynomials.
Chebyshev (1821 - 1994), Russian Mathematician contributed to the theory of
approximation and functions. This was later developed into the constructive theory
of functions, by S. Bernstein (Abramowitz and Stegun, 1972).

For any integer n > 0 we define Chebyshev Polynomials by

T,(x) = cos(ncos™1x), -1<x<1 (1.0)
Let
0 = cos 1x or x = cosO 0<6<m (1.1)
Then
T,(x) =cosnf, n >0 (1.2)

For example, if n = 0, Ty(x) = c0s(0.0) = 1
n=1, Ty(x) =cog0) =x
n=2, T,(x) = cos(20) = 2cos?6 —1 =2x? -1
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Triple Recursion Formula

Recall the trigonometric addition formula
cos (P £ Q) = cosPcosQ + si nPsinQ (1.3)

Forn>1, T,;:(x) =cos[(n+1)0] = coynb + 6)

=co9ynb)codh) —si (inb) si nb (1.4)
cod(n—1)08] = coynb —06)

= codnb)codh) +sifnbd)sind (1.5)
Add equations (1.4) and (1.5) we have

Thi1(x) + T—1(x) = 2coqnb) cosO

Substitute x and cosné in equations (1.1) and (1.2) we obtain
Tt (x) + Tpq (x) = 2xT;, (%)
Tpy1(x) = 2xTyx — Tp_q () n>1 (1.6)

Tho1(x) =

Equations (1.7) is called the triple recursion formula which can be used to generate
Chebyshev polynomials instead of using equation (1.0). Here the coefficient of x™ in

T,(x) is always2™ 1.

For example Ty(x) =1 T,(x) =x

Tni1(x) = 2xT (%) — Tp1 (%) nz1

Forn=2 T5(x) = 2xT,(x) — Ty (x) = 2x(x? — 1) —x = 4x3 — 3x
For n =3 T, (x) = 2xT5(x) — To(x) = 2x(4x3 — 3x) — (2x% — 1)
=8x*—-8x%2+1
Methods
DeMoivre’s theorem States that for any n>0
cognB) +isitmb) = (cosO + i si nh"

Expanding (2.0) using binomial theorem, we have

(2.0)
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(cos6 +isin§* = (:)l) cos™6 + (rll) cos™19(i sind + (;l) cos™ 20 (i si n*+...
+ (Z) cos™*0(i si nd* + - + (n ﬁ 1) cosO(i sind* 1 + (Z) (i sind" (2.1)

To obtain expansions for cos(nf) and si 1inf) we equate the real and imaginary

parts,
_ npg _ n n-—2 ; n n—4g9cj 14
coynd) = cos™O (2) cos™ 20si 120 + (4) cos™*0si 'O + (2.2)
. _(" n-1gei ng_ (T n=37cs
sifnb) = (1) cos™ *0sinf (3) cos™ 30si B0 + (2.3)
The summation of equations (2.2) and (2.3) can be written as
h
coynd) = Z(—l)k ( " )cos"_ZkBSi ad] (2.4)
2k
k=0
P
sifnd) = Z(—nk (" ) cosn2-1gsirtkrrg (2.5)
2k+1
k=0
n\ _ n(n-1)(n-2)..(n-2k+1) _ @n-D+(C=D" _ n _[n-1
where(Zk)— 20! fork>0, h = — —[2], —[ > ]

The notation [y] stands for the greatest integer less than or equal to the real number
y while any function in the form f(y) = [y] is known as the bracket function.For

example[0.34] = 0 and [1.004] = 1. From equation (2.4)

h
coynd) = Z(—l)r (ZT;) cos™ 2" 9si 1770 (2.6)
r=0

h = @2n-1)+(-1)"
4

but sin26 = 1 — cos20

Equation (2.4) becomes

h
co{nh) = Z(—l)r (21’;) cos™279(1 — cos?6)" (2.7)
r=0

cosnd in thepolynomial form of cosf = p, (cosn@).

This work is licensed under a Creative Commons Attribution 4.0 Unported
License
ISSN: 1597 - 9928. Science and Education Development Inst., Nigeria

27



Continental J. Applied Sciences
Egahi et al. (2019) 14 (2): 24 - 30

Equation 2.7 is an nth degree polynomial. Suppose 7 is a positive even integer we

apply binomial expansion to (1-cos?8)rand substituting into equation (2.7) to obtain

h+1

cognf) = (—1)"cos™2"g + Z (-1
r=2

)h+r—122r—4n % +r—2
r—1 2r—3

) cos™t2r—2h=2¢g (2.8)

Similarly if # is an odd integer, we have

h+1 n 3
-1 h+r—122r—2n =+r—=
cognh) = Z ( )Zr — 22r B 22 cos™t2r-2h—2g (2.9)
r=1

_ (2.6)-1+(-1)°

For example, if n = 6, we obtained from equation (2.8), h ” = 3, so that
4
(—1)24722r=4 6 11 + 1
— [ 0 2r—2
cos68 = (—1)3cos"0 + — (ZT _ 3> cos 0

r=2
3
=—-1+6 (1> cos?0 — 48cos*6 + 32cos®0

= 32c0s°0 — 48cos*6 + 18cos?0 — 1
Chebyshev Polynomials from Alternative Method
Here we defined generalised form of Chebyshev Polynomial as

T,(x) = 21""cosnf n=1,23.. (3.0)
where x = cosf

From equation (3.0) we can establish expansions which can be used to generate
special Chebyshev Polynomials using the value of cosné in equation (2.8).
From equation (3.0)

T,(x) =2""cosn® n=1,23...

Substitute in the expansion forcosnf, when n is an even integer:

k+1

(-1
T,(x) = 21" [(—=1)*x""2 +

Yetr=192r-4 %_i_ r—2
r—1 2r—3

>xn+2r—2k (3'1)

. . 2n—1+(-1)" 2n n
Since n is even, k = +) =5 =7 Hence
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L] n
T, — ol-n(_1)3 2 2t (=12 %-I_ T2\
n() =271 +Z r—1 r—3 )"
r=2
L]

n.._1/m
n n 4r (=27 (S +r—2
= 21" (—1)2 + E 2 2r-2 (32

=D 2n+3 r—1 2r—3 |* (32)

r=2
Equation (3.2) can be used to generate Chebyshev Polynomials for positive even

integers.

For example if n = 2 from equation (3.2) becomes

55 42 D2 (Dx*

T,60) = 27 (~D] + E— = s+ =5 (207 - 1)

For n = 4 we obtain

T4(X) =2 3( 1)2 Z 4r(r _1)1r+1 (zrr_ 3) x2r—2

r=2
1 1[4%.(-1)3. /2 43(-1)* /3
8 25| 2—-1 \1 2 3
—l+—[ 32x% +32x*] = (84—82+1)
3 5 x X X X

Again from equation (3.0) and (2.9)

Tn(x) = 2'""cosnf

k+1 k4r—1,02r—2 (0 3
= 21-n Z (_1) T n27 2 tr 2 21 —2k-2 (3 3)
. 2r—1 2r—2 '
r=
Since n is odd, k+1 = Zn_1+CDR +1= rlTJrland we have
e +1 3
2 nt+i n
n 47 (-1)z T 5+r—5
T,(x) = Z =1 2 2 |x2r-1 (34)
2n+l 2r —1 2r—2

This work is licensed under a Creative Commons Attribution 4.0 Unported
License
ISSN: 1597 - 9928. Science and Education Development Inst., Nigeria

29



Continental J. Applied Sciences
Egahi et al. (2019) 14 (2): 24 - 30

Equation (3.4) can be used to compute

1 4. (—1)2.(0>x

Lo =757 \p)*=*
2
3 4r(_1)r+2 r
T — 2r—1
() =32 2r—1 (2r—2)x
r=1
I TDIS IO SO
= 2[ X 3 x —4( X X)
Conclusion

The purpose of this work as stated in the introduction is to establish an alternative
method for generating Chebyshev polynomials other than the usual recursion
formula and the ordinary generating function. From the results of our analysis, we
conclude that polynomials generated from the alternative method are the same with
those obtained when triple recursion formula and ordinary generating function were
used. The polynomials have many uses in areas of applied mathematics, science and
engineering such as waveform synthesis and trigonometry identities.
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