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ABSTRACT

In this paper we have proposed a class of ratio -type estimator under double sampling to
estimate the population mean of the characteristic under study. The expression for bias and the
mean square error of the proposed estimator have been derived up to the first order of
approximation. The proposed estimator includes a number of ratio -type estimator under
double sampling, thus we have discussed its particular cases and their mean square error have
also been compared theoretically with the mean square error of the proposed estimators and
conditions are found under which the proposed estimator is more efficient. Numerical
illustration has been carried out to observe the efficiency of proposed estimator.
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INTRODUCTION

In sampling survey, use of the information on auxiliary characteristic to increase the precision of the estimator of
finite population mean or total of characteristic under study is well recognized in literature as well as in practice.
Cochran (1942) first introduced use of auxiliary information by suggesting classical ratio estimator which perform
better when characteristic under study is highly correlated with auxiliary characteristic. Murthy (1964) proposed
product estimator, which is utilized to estimate the population mean of characteristic under study contrary to the
situation of ratio estimator if characteristic under study is negatively correlated with auxiliary characteristic. Later
on, several researchers diverted their attention in the direction of modifying estimation procedure so that estimators
that are more efficient and less biased than classical ratio and product estimator could be obtained. Thus, a number
of modified ratio type estimator came into existence and these modified estimators were constructed by using one or
more unknown constants or by taking a convex linear combination of sample and population means of auxiliary
characteristic with unknown weights. Walsh (1970), Ray et al (1979), Srivevkataramana and Tracy (1979), Ray and
Sahai (1980), Srivevkataramana (1980) and Vos (1980) have done the work in the same direction. They have
introduced, generally, a class of estimator with gain in precision than the classical ratio and product estimator.

However, due to the stronger intuitive appeal, statisticians are more inclined towards the use of ratio and product
estimators. Singh and Singh (2007) studied the factor type estimators under polynomial regression model which
include several estimators and is based on one parameter. Isaki (1983) introduced some estimators for estimation of
population variance. All these estimators require the knowledge of population mean of auxiliary characteristic X.

But in practical situation, generally it is not known. Therefore to estimate the population mean X by using
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technique of double sampling, first the sample of size n, is drawn from the population, on which only the auxiliary
variable X is observed. Then a sub-sample of size n (n< n,) is drawn to observe both study variable Y and auxiliary
variable X. Let x; be the sample mean based on n, units and y and X be the sample means of based on n units.

Then ratio and product estimators of population mean Y under double sampling are given by

_X, Z, _X
Yl=yZL and ¥ =y =
X X

In the present paper a class of ratio type estimator under double sampling scheme has been proposed and the

expression for bias and mean square error has been derived. Properties of the proposed estimator have been studied
theoretically and empirically.

Notation
Let Y; denotes the value of characteristic under study for the i unit in population of size N (i=1,2...N). and X;, The
value of auxiliary characteristic for the i unit in population. Then

Y= % N .Y, ; The population mean of characteristic under study.
X = %Z{Vﬂ X;; The population mean of auxiliary characteristic.
1 = . .
SE = EZ?’zl(Yi — Y )? ; The population mean square of characteristic under study.

S2= ﬁ N ,(X; — X )?; The population mean square of auxiliary characteristic.

Let a preliminary sample of size n, is drawn by method of simple random sampling without replacement to estimate
the auxiliary characteristic X Then a subsample sample of size n is selected from n; to observe both characteristic
under study and auxiliary characteristic. Let us further denote

_ 1 . .
y= ;Z?ﬂ ¥;; The sample mean of study characteristic based on a sample of size n
X = %Z?zl x;; The sample mean of auxiliary characteristic based on a sample of size n

1 o . - .
X = —Z?_ll x;; The sample mean of auxiliary characteristic based on a preliminary sample of size n,.
nq -
s . L .
Cy= 7” ; The coefficient of variation of characteristic under study.

Cx= ;X ; The coefficient of variation of auxiliary characteristic.

p= SXSY ; The Correlation coefficient between the value of auxiliary variable and value of characteristic under
XY

study.

Proposed Estimators:
The proposed class of ratio type estimator is as follows:
= K
— = X1
Ypa = y[aJH(l—a’)fl] (1
where a and k are constants.

Bias and MSE of Proposed Estimator up to the first order of approximation.

To derive the expression for bias and mean square error of proposed estimator up to the first order of approximation
let us denote:

y=Y(1+ey), x=X(1+e,) and x; =X (1+¢;)

Then clearly, we have
E(eo) =E(e,") =E(e;) =0

Beo)® = (3= )¢
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e, (- )

E(e)? = (= - )¢

Bleoes) (3= 3) %

E(eoe)= (+—5)2

E(e,'e;) (nil_ %) C¥

Now, up to the first order of approximation the expected valve of ¥, is obtained as

Thus, Bias (7p) = ¥ (5 = ) (KD 02— kapCycy ) ?)
MSE (Jpa) = 72 (% = ) (G} + k2a®C} = 2kapCyCy) + (= +) CF 3)

Particular Cases of Proposed Estimator and their Bias and Mean Square Error
For k=0 ,the proposed estimator becomes sample mean estimator with variance
7y=(1_ 1) g2
V@) =(5— 1) S “)

For a =1, k=1 and a =1, k=-1 it reduces to classical ratio and product estimator under double sampling respectively.
From equation (2) and (3) the bias and MSE respectively obtained as

Bias (J,q) =Y G - nil) (C2 — pCxCy) )
v y=p2(i_2 2 2 1 1\ ,p

MSE (7ra) =¥ (;_ n_i) (Cy + Cx — 2pCxCy) + (Tl_1_ E) Cy (6)

Bias (Fpa) = 7 (; — ) CxCr .

MSE (55a) = 7 (5 - n_ll) (G + G+ 2pCxCy) + (nil— =) ¢ )

For @ =w and k=1 the proposed estimator becomes Walsh (1979) estimator under double sampling
- - %
Ywa=y [wf+(1—w):€1] ©)
and the expression for Bias and MSE are

. _ (1 1
Bias(Fya)=¥ (5 — +) W2CE — wpCxCy) (10)
— > 1 1 1 1
MSE (3,,4) = 72 [(; - n—l) (CZ +w2C2 — 2wpCyCy) + (n—1 - ;) c,%] )
Whenk=-1anda = — (NnTn) then proposed estimator yp, reduces to an estimator proposed by Srivenkataramana
(1980) under double sampling
_ _[N%+nx
Fsa =7 || (12)

The expression for Bias and MSE are
. — _ (1 1 n
Bias(ysq )= —Y (— - n—l) (ﬂ) pCxCy (13)

st 500122 2) (67 + (520)" a8 - 2(52p)o6) + (- D] 09

n N-n

Whenk =-1anda =1 —w then proposed estimator ¥, reduces to an estimator proposed by Vos (1980)
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wfl+(1—w)f]

Fva=7| (15)

X1

The expression for Bias and MSE are
o (1 1
Bias(va )= ¥ (— 1) (1 = wdpCxCy (16)
MSE (yq) =72 |(> = =) (C2 + (1 = w)2CE + 2(1 = w)pCyCy) + (- — ) C2|17)
Yva n T n) Y X plxly n N Y

Whenk =-1and @ = —y then proposed estimator J, reduces to an estimator proposed by Ray et al (1979) .

_ _ —[a+y)x—yx
Frsa =¥ [ (18)
The expression for Bias and MSE are
o (1 1
Bias(Ypsa )= — Y (; - n_1) YpCxCy (19)
_ Soff1 1 11
MSE (psa) =72 |(5 = ) (CF +v2CE = 2ypCxCy) + (7= 3) €] (20)

Whenk=-landa =1— f then proposed estimator }, reduces to an estimator proposed by Srivenkataramana and
Tracy (1979)

_ _ [+ (1—f) %
e 1)

The expression for Bias and MSE are
o (1 1
Bias(Fsra)= ¥ (= 7-) (1 = NpCxCy (22)
1

MSE Gsra) = 72| (5 = ) (6]7*% + (1 = P2CE + 21 = NpCeCy) + (5= 3) €7
(23)
Optimum value of k
From mean square error, the optimum value of k is obtained as

= 2Cx (24)

aCyx

For optimum value of k the mean square error of proposed estimator reduces to
1 1

MSE Gpa)min=72|(> = =) €2 1 =p?) + (== 3) CF| (25)

n noN
This is the mean square error of linear regression estimator under double sampling.
Comparison of proposed Estimator with Existing Estimators

In this section, condition has been derived under which proposed class of estimator is more efficient than the
exiting ratio-type estimators.

First proposed class of estimator is compared with Walsh (1970) estimator
MSE (Jiya ) - MSE (Fpq ) = 0 if

min (1, ";;’CC; - 1) < K < max (1, ifg - 1) (26)
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Thus Proposed class of estimator is more efficient than Walsh (1970) estimator if condition (26) is satisfied.

Proposed class of estimator is compared with Ray et al (1979) estimator
MSE (Jgsq ) - MSE (¥pq ) = 0 if

min (1, zy”c';y —1) <K <max (1, zy”c';y - 1) 27)

Thus Proposed class of estimator is more efficient than Ray et al (1979) estimator if condition (27) is satisfied.

Proposed class of estimator is compared with Srivenkataramana and Tracy (1979) estimator
MSE (Jsrq ) — MSE (ypq ) = 0 if

min (1, - <(12_’;%C)YCX + 1>> < K < max (1, - <(12_”%C)YCX + 1>> (28)

Thus Proposed class of estimator is more efficient than Srivenkataramana and Tracy (1979) estimator if condition
(28) is satisfied.

Proposed class of estimator is compared with Srivenkataramana (1980) duel to ratio estimator
MSE (J54) — MSE (7pq) = 0if

min (1, (ﬁ — 1>> < K < max <1, (ﬁ — 1>> (29)

Thus Proposed class of estimator is more efficient than Srivenkataramana (1980) estimator if condition (29) is
satisfied.

Proposed class of estimator is compared with Vos (1980) estimator
MSE (Jiyq ) - MSE (5pg ) 2 0 if

min (1,—( 2G4 1)) < K < max (1,—( 200y 4 1)) (30)

(1-w)cx (1-w)cx

Thus Proposed class of estimator is more efficient than Vos (1980) estimator if condition (30) is satisfied.

Empirical Comparison

In order to investigate the performance of proposed class of estimator from Hina Khan et a/ (2012) two real
population data sets have been considered and description of populations have been given in Table 1. Population I
has high positive correlation whereas population II has low but positive while population III has high negative
correlation between auxiliary variable and study variable. The percent relative efficiency of proposed class of

estimator has been computed with respect to sample mean estimator for different value of a and K and given in
Table 2.
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Table 1 Description of the Population

Parameters Population I Population I
Source: Nachtshemin,neter and Kumar Source: Nachtshemin,neter and Kumar
Advance Applied Linear Model,2004 Advance Applied Linear Model, 2004
N 440 705
ny 88 141
n 18 28
Y 119.50 2.9773
X 906.76 76.95
Cy 1.9955 0.213123
Cy 1.7501 0.242157
Pxy 0.956 0.398
Table 2: Population I
K 0.1 -0.8 -0.6 -0.4 -0.2 0.0 0.2 0.4 0.6 0.8 1.0
-0.1 404.58 33822  253.04 183.23  133.80 100 76,71 6030 4845 39.67  33.02
-0.8 33822 269.39  208.59 161.21 125.98 100 80.72  66.21 55.11 46.48  39.67
-0.6 253.04  208.59 171.82 14226 118.72 100 85.03 7297 63.16  55.11 48.85
-0.4 183.23 161.21 142.26 12598 112.01 100 89.66 80.72 7297  66.21 60.30
-0.2 133.80 125.98 118.72 112.01 105.78 100 94.64 89.66  85.03 80.72  76.71
0.0 100 100 100 100 100 100 100 100 100 100 100
0.2 76,71 80.72 85.03 89.66  94.64 100 105.78 112.01 11872 12598 133.80
0.4 60.30 66.21 72.97 80.72  89.66 100 112.01 12598 14226 161.21 183.23
0.6 48.45 55.11 63.16 7297  85.03 100 118.72 14226 171.82 208.59 253.04
0.8 39.67 46.48 55.11 66.21 80.72 100 12598 161.21 208.59 269.39 338.22
1.0 33.02 39.67 48.85 6030  76.71 100 133.80 183.23 253.04 338.22 404.58
1.2 27.87 34.21 42.88 55.11 72.97 100 142.26 208.59 303.63 395.59 400.47
1.4 23.82 29.78 38.19 50.53 69.47 100 151.38 237.40 35476 412.26 329.73
1.6 20.58 26.14 3421 46.48 66.21 100 161.22 26939 39559 37734 245.16
1.8 17.95 23.12 30.81 42.88 63.16 100 171.82 303.63 413.12 31238 17745
2.0 15.79 20.58 27.87 39.67  60.30 100 183.23 33822 400.47 245.16 129.83
Population II
-0.1 -0.8 -0.6 -0.4 -0.2 0.0 0.2 0.4 0.6 0.8 1.0
-0.1 62.53 76.51 90.83 101.93  105.55 100 87.82 73.33 69.71 48.26 39.13
-0.8 76.51 88.09 98.17 104.16  105.15 100 90.57 79.15 67.67 57.23 48.26
-0.6 90.83 98.17 103.36 105.57  104.37 100 9321 84.97 76.23 67.67 59.71
-0.4 101.93  104.16 105.57 105.15  103.24 100 95.68 90.57 84.97 79.15 73.33
-0.2 105.55  105.15 104.37 103.24  101.77 100  97.96 95.68 93.21 90.57 87.82
0.0 100 100 100 100 100 100 100 100 100 100 100
0.2 87.82 90.57 93.21 95.68 97.96 100  101.77 103.24 10437 105.15  105.55
0.4 73.33 79.15 84.97 90.57 95.68 100 103.24 105.15 105.57 104.16  101.93
0.6 69.71 67.67 76.23 84.97 93.21 100 104.37 105.57 103.36  98.17 90.83
0.8 48.26 57.23 67.67 79.15 90.57 100 105.15 10416  98.17 88.09 76.51
1.0 39.13 48.26 59.71 73.33 87.82 100  105.55 10193  90.83 76.51 62.53
1.2 32-00 40.78 52-55 67-67 84.97 100  105.57 98.17 82.36 65.20 50.57
1.4 26.45 34.64 46.26 62.28 82.08 100  105.20 93.45 73.61 55.07 40.95
1.6 22.11 29.61 40.78 57.23 79.15 100  104.46  88.09 65.20 46.44 33.41
1.8 18.69 25.49 36.06 52.55 76.23 100  103.36 82.36 57.46 39.29 27.55
2.0 15.96 22.11 32.00 48.26 73.33 100 101.93  76.51 50.57 3341 22.97
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CONCLUSION
The proposed class of ratio type estimator provides different ratio and product type estimator under double sampling
scheme for different valve of k and a which can be utilized according to the nature of the population to estimate the
population mean. Table 2 show that the efficiency of y,,, increases from 33.02% to 404.58% as w increases from -
1.0 to1.0. Similar way the efficiency of ¥4 and ¥rg4 also increases from 33.02% to 404.58% as w increases from
0 t02.0 and y decreases from 1.0 to -1.0 respectively. Vg, has also gain in efficiency than Sample mean estimator.
For k=1.8 and & =0.6 the proposed estimator Y, has gain in efficiency of 413.12% .
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